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Abstract
The Erdo˝s-So´s Conjecture states that if G is a simple graph of order n with
average degree more than k − 2, then G contains every tree of order k. In this
paper, we prove that Erdo˝s-So´s Conjecture is true for n = k + 4.
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1 Introduction
The graphs considered in this paper are finite,undirected, and simple (no loops or
multiple edges). Let G = (V (G), E(G)) be a simple graph of order n, where V (G)
is the vertex set and E(G) is the edge set with size e(G). The degree of v ∈ V (G),
the number of edges incident to v, is denoted dG(v) and the set of neighbors of v is
denoted N(v). If u and v in V (G) are adjacent, we say that u hits v or v hits u. If
u and v are not adjacent, we say that u misses v or v misses u. If S ⊆ V (G), the
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induced subgraph of G by S is denoted by G[S]. Denote by D(G) the diameter of
G. In addition, δ(G), ∆(G) and avedeg(G) = 2e(H)
|V (H)|
are denoted by the minimum,
maximum and average degree in V (G), respectively. Let T be a tree on k vertices.
If there exists a injection g : V (T )→ V (G) such that g(u)g(v) ∈ E(G) if uv ∈ E(T )
for u, v ∈ V (T ), we call g an embedding of T into G and G contains a copy of T as a
subgraph, denoted by T ⊆ G. In addition, assume that T ′ ⊂ T is a proper subtree of
T and g′ is an embedding of T ′ into G. If there exists an embedding g : V (T )→ V (G)
such that g(v) = g′(v) for all v ∈ V (T ′), we say that g′ is T−extensible.
In 1959, Erdo˝s and Gallai [6] proved the following theorem.
Theorem 1.1 Let G be a simple graph with avedeg(G) > k − 2. Then G contains a
path of order k.
Based the above result, Later Erdo˝s and Gallai proposed the following well known
conjecture (for example see [7])
Conjecture 1.2 Let G be a simple graph with avedeg(G) > k− 2. Then G contains
every tree on k vertices as a subgraph.
Various specific cases of Conjecture 1.2 have already been proven. For example,
Brandt and Dobson [2] proved the conjecture for graphs having girth at least 5.
Balasubramanian and Dobson [1] proved this conjecture for graphs without containing
K2,s, s <
k
12
+ 1. Li,Liu and Wang [11] proved the conjecture for graphs whose
complement has girth at least 5. In 2003, Mclennan [12] proved the following theorem.
Theorem 1.3 Let G be a simple graph with avedeg(G) > k − 2. Then G contains
every tree of order k whose diameter does not excess 4 as a subgraph.
In 2010, Eaton and Tiner [4] proved the the following two theorems.
Theorem 1.4 [4] Let G be a simple graph with avedeg(G) > k− 2. If δ(G) ≥ k− 4,
then G contains every tree of order k as a subgraph.
Theorem 1.5 [4] Let G be a simple graph with avedeg(G) > k − 2. If k ≤ 8, then
G contains every tree of order k as a subgraph.
In 1984, Zhou [17] proved that Conjecture 1.2 holds for k = n. Later, Woz´niak
[16] proved that Conjecture 1.2 holds for k = n− 2.
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Theorem 1.6 [16] Let G be a simple graph of order b with avedeg(G) > k − 2. If
k = n− 2, then G contains every tree of order k as a subgraph.
Recently, Tiner [15] proved that Conjecture 1.2 holds for k = n− 3 holds.
Theorem 1.7 [15] Let G be a simple graph of order b with avedeg(G) > k − 2. If
k ≥ n− 3, then G contains every tree of order k as a subgraph.
In this paper, we establish the following:
Theorem 1.8 Let G be a simple graph of order b with avedeg(G) > k − 2. If k ≥
n− 4, then G contains every tree of order k as a subgraph.
2 Proof of Theorem 1.8
Let T be any tree of order k. If k ≥ n−3, or k ≤ 8 or the diameter of T is at most
4, the assertion holds by Theorems 1.7,1.5 and 1.3. We only consider k = n− 4 ≥ 9,
D(T ) ≥ 5 and prove the assertion by the induction. Clearly the assertion holds for
n = 2. Hence assume Theorem 1.8 holds for all of the graphs of order fewer than n
and let G be a graph of order n. If there exists a vertex v with dG(v) < ⌊
k
2
⌋, then
avedeg(G− v) > k− 2 and the assertion holds by the induction hypothesis. Further,
by Theorem 1.4, without loss of generality, there exists a vertex z in V (G) such that
⌊k
2
⌋ ≤ dG(z) = δ(G) ≤ k−5. Moreover, assume that e(G) = 1+⌊
1
2
(k−2)(k+4)⌋. Let
T be any tree of order k with the longest path P = a0a1 . . . ar−1ar and NG(a1)\{a2} =
{b1, . . . , bs} and NG(ar−1) \ {ar−2} = {c1, . . . , ct}. Since avedeg(G) > k − 2, we can
consider the following cases: ∆(G) = k + 3, k + 2, k + 1, k, k − 1.
2.1 ∆(G) = k + 3
Let u ∈ V (G) be such vertex that dG(u) = k + 3 and let G
′ = G − {u, z} and
T ′ = T −{a1, b1, . . . , bs}. Then e(G
′) ≥ e(G)−(k+3)−(k−5)+1 > 1
2
(k+4)(k−2)−
(k+3)− (k− 5)+ 1 = 1
2
(k2− 2k− 2). So avedeg(G′) > (k2− 2k− 2)/(k+2) > k− 4
and | V (T ′) |≤ k− 2. By the induction hypothesis, T ′ ⊆ G′. Let f ′ be an embedding
of T ′ into G′. Then let f = f ′ in T ′ and f(a1) = u, where X = V (G) − f
′(V (T ′)).
Since dG(u) = k + 3, u hits at least s vertices in X. Hence f can be extended to an
embedding of T into G or we can say that f is T−extensible.
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2.2 ∆(G) = k + 2
Let u ∈ V (G) be such vertex that dG(u) = k + 2. Then there exists only one
vertex x ∈ V (G)− {u} not adjacent to u. We consider two subcases: dG(x) ≤ k − 2
and dG(x) ≥ k − 1.
2.2.1 dG(x) ≤ k − 2
Let G′ = G−{u, x} and T ′ = T −{a1, b1, . . . , bs}. Then e(G
′) ≥ e(G)− (k+2)−
(k − 2) > 1
2
(k + 4)(k − 2) − (k + 2) − (k − 2) = 1
2
(k2 − 2k − 8). So avedeg(G′) >
(k2 − 2k − 8)/(k + 2) = k − 4 and | V (T ′) |≤ k − 2. By the induction hypothesis,
T ′ ⊆ G′. Then let f ′ be an embedding of T ′ into G′ and let f = f ′ in T ′ and f(a1) = u,
where X = V (G) − f ′(V (T ′)). Since dG(u) = k + 2, u hits at least s vertices in X
and f is T−extensible.
2.2.2 dG(x) ≥ k − 1
We consider the following two cases.
(A). x misses z. Let G′ = G − {u, z, x} and T ′ = T − {a1, b1, . . . , bs, ar}. Then
e(G′) ≥ e(G)−(k+2)−(k−5)−(k+1)+1 > 1
2
(k+4)(k−2)−(k+2)−(k−5)−(k+1)+1 =
1
2
(k2−4k−2). Hence avedeg(G′) > (k2−4k−2)/(k+1) > k−5 and | V (T ′) |≤ k−3.
By the induction hypothesis, we have T ′ ⊆ G′. Since x misses z, u and dG(x) ≥ k−1,
xmisses at most two vertices of G′. If x hits f ′(a2), let f(a1) = x and f(ar) = u. Since
dG(x) ≥ k−1 and u hits all vertices of T
′, f is T−extensible. Hence we assume that x
misses f ′(a2). If x hits f
′(ar−1), let f(ar) = x and f(a1) = u. Then f is T−extensible.
If x misses f ′(a2) and f
′(ar−1), then x hits all of V (G)− {f
′(a2), f
′(ar−1)}, because
D(T ) ≥ 5, a2 and ar−1 are not adjacent. Then let f(ar−1) = x, f(a1) = u, which
implies that f is T−extensible.
(B) x hits z. We consider the following two subcases.
(B.1) dG(x) > k − 1. Let G
′ = G− {u, z, x},T ′ = T − {a1, b1, . . . , bs, ar}. Since x
misses u and dG(x) > k − 1,x misses at most two vertices of G
′, the assertion can be
proven by similar to method of (A).
(B.2). dG(x) = k − 1. Then x misses 3 vertices of V (G) \ {u}, says y1, y2, y3.
(a). There exists one vertex yi with 1 ≤ i ≤ 3 such that dG(yi) = k + 2. Let
G′ = G − {u, z, yi, x} and T
′ = T − {a1, b1, . . . , bs, ar−1, c1, . . . , ct}. Then e(G
′) ≥
e(G) − (k + 2) − (k − 5) − (k + 2) − (k − 1) + 3 + 1 > 1
2
(k + 4)(k − 2) − (k + 2) −
(k − 5) − (k + 2) − (k − 1) + 3 + 1 = 1
2
(k2 − 6k + 4), because u hits z, z hits x, u
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hits yi, and yi hits z by dG(yi) = k + 2. Thus avedeg(G
′) > (k2 − 6k + 4)/k > k − 6
and | V (T ′) |≤ k − 4. By the induction hypothesis, T ′ ⊆ G′. Let f(a1) = u and
f(ar−1) = yi. Then f is T−extensible because u and yi hits all the vertices of V (T
′),
respectively.
(b). There exists one vertex yi with 1 ≤ i ≤ 3 such that dG(yi) = k + 1. Let
G′ = G − {u, z, yi, x} and T
′ = T − {a1, b1, . . . , bs, ar−1, c1, . . . , ct}. Then e(G
′) ≥
e(G)− (k+2)− (k− 5)− (k+1)− (k− 1)+3 > 1
2
(k+4)(k− 2)− (k+2)− (k− 5)−
(k+1)−(k−1)+3 = 1
2
(k2−6k+4), which implies avedeg(G′) > (k2−6k+4)/k > k−6
and | V (T ′) |≤ k − 4. Hence by the induction hypothesis, T ′ ⊆ G′. Note that yi
misses at most one vertex of G′. If yi misses f
′(a2), let f(a1) = u, f(ar−1) = yi; if yi
misses f ′(ar−2), let f(ar−1) = u,f(a1) = yi. Thus f is T−extensible.
(c). There exists one vertex yi with 1 ≤ i ≤ 3 such that dG(yi) = k and yi misses
z. Then the proof is similar to (b) and omitted.
(d). There exists one vertex yi with 1 ≤ i ≤ 3 such that dG(yi) ≤ k − 2. Let
G′ = G− {u, yi, x} and T
′ = T − {a1, b1, . . . , bs, ar}. Then e(G
′) ≥ e(G)− (k + 2)−
(k−2)− (k−1)+1 > 1
2
(k+4)(k−2)− (k+2)− (k−2)− (k−1)+1 = 1
2
(k2−4k−4),
which implies avedeg(G′) > (k2−4k−4)/(k+1) > k−5 and | V (T ′) |≤ k−3. Hence
by the induction hypothesis, T ′ ⊆ G′. Similar to case (A), there exists an embedding
from T into G.
(e). dG(yi) = k and yi hits z for i ∈ {1, 2, 3}; or dG(yi) = k − 1 for i ∈{1,2,3}.
(e.1) dT (a1) + dT (ar−1) ≥ 5. Let G
′ = G − {u, z, y1, y2, x} and T
′ = T −
{a1, b1, . . . , bs, ar−1, c1, . . . , ct}. Then e(G
′) ≥ e(G)−(k+2)−(k−5)−(k−1)−(k−1)−
(k−1)+3 > 1
2
(k+4)(k−2)−(k+2)−(k−5)−(k−1)−(k−1)−(k−1)+3 = 1
2
(k2−8k+10)
which implies avedeg(G′) > (k2 − 8k + 10)/(k − 1) > k − 7 and | V (T ′) |≤ k − 5.
Hence by the induction hypothesis, T ′ ⊆ G′. Moreover, x misses only one ver-
tex of G′. If x misses f ′(a2), let f(a1) = u, f(ar−1) = x; if x misses f
′(ar−2), let
f(ar−1) = u, f(a1) = x. In all situations, f is T−extensible.
(e.2). dT (a1) = dT (ar−1) = 2. Let G
′ = G − {u, z} and T ′ = T − {a0, a1}. Then
e(G′) ≥ e(G)−(k+2)−(k−5)+1 > 1
2
(k+4)(k−2)−(k+2)−(k−5)+1 = 1
2
(k2−2k),
which implies avedeg(G′) > (k2 − 2k)/(k + 2) > k − 4 and | V (T ′) |≤ k − 2. By the
induction hypothesis, T ′ ⊆ G′. Moreover, u hits all vertices of V (G) \ {x} and z hits
x. Let f(a1) = u or z and f(a0) = z or u. Then f is T−extensible.
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2.3 ∆(G) = k + 1
Let u ∈ V (G) be such vertex that dG(u) = k+1 with u missing vertices x1 and x2.
Without loss of the generality, we can assume dG(x1) ≥ dG(x2) and dT (a1) ≥ dT (ar−1).
2.3.1 dT (a1) + dT (ar−1) ≥ 5
We consider the two cases.
(A). x1 misses x2.
(A.1) dG(x1) + dG(x2) ≤ 2k − 3. Let G
′ = G − {u, x1, x2} and T
′ = T −
{a1, b1, . . . , bs}. Then e(G
′) ≥ e(G)− (k+1)− (2k− 3) > 1
2
(k+4)(k− 2)− (k+1)−
(2k − 3) = 1
2
(k2 − 4k − 4), which implies avedeg(G′) > (k2 − 4k − 4)/k + 1 > k − 5
and | V (T ′) |≤ k − 3. Hence by the induction hypothesis, T ′ ⊆ G′. Let f(a1) = u. It
is easy to see that f is T−extensible.
(A.2). dG(x1) + dG(x2) ≥ 2k − 2.
(a). dG(x1) = k−1 Then dG(x2) = k−1 and x1 misses {u, x2, y1, y2}. If y1, y2 6= z,
let G′ = G − {u, z, x1, x2, y1} and T
′ = T − {a1, b1, . . . , bs ar−1, c1, . . . , ct}. Then
e(G′) ≥ e(G) − (k + 1) − (k − 5) − (2k − 2) − (k + 1) + 3 > 1
2
(k2 − 8k + 8), which
implies avedeg(G′) > (k2 − 8k + 8)/(k − 1) > k − 7 and | V (T ′) |≤ k − 5. Hence by
the induction hypothesis, T ′ ⊆ G′. Note that x1 misses only one vertex of G
′. If x1
misses f ′(a2), let f(a1) = u and f(ar−1) = x1; if x1 misses f
′(ar−1), let f(ar−1) = u
and f(a1) = x1. In both situations,f is T−extensible. Now assume that y1 = z or
y2 = z. Let G
′ = G − {u, x1, x2, y1, y2} and T
′ = T − {a1, b1, . . . , bs, ar−1, c1, . . . , ct}.
Then e(G′) ≥ e(G)− (k + 1)− (k− 5)− (2k− 2)− (k+ 1) + 2+ 1 > 1
2
(k2 − 8k+ 8),
which implies avedeg(G′) > (k2 − 8k + 8)/(k − 1) > k − 7 and | V (T ′) |≤ k − 5. Let
f(ar−1) = u and f(a1) = x1. Then f is T−extensible.
(b). dG(x1) ≥ k. LetG
′ = G−{u, z, x1, x2} and T
′ = T−{a1, b1, . . . , bs, ar−1, c1, . . . ,
ct}. Then e(G
′) ≥ e(G)− (k+1)− (k− 5)− (2k+2)+ 1+ 2 > 1
2
(k2− 6k+2), which
implies avedeg(G′) > (k2 − 6k + 2)/k > k − 6 and | V (T ′) |≤ k − 4. Hence by the
induction hypothesis, T ′ ⊆ G′. Note that x1 misses at most one vertex of G
′. If x1
misses f ′(a2), let f(a1) = u and f(ar−1) = x1; if x1 misses f
′(ar−2), let f(ar−1) = u
and f(a1) = x1. In both situations, f is T−extensible.
(B). x1 hits x2.
(B.1). dG(x1) + dG(x2) ≤ 2k − 2. Let G
′ = G − {u, x1, x2} and T
′ = T −
{a1, b1, . . . , bs}. Then e(G
′) ≥ e(G)− (k + 1)− (2k − 2) + 1 > 1
2
(k2 − 4k − 4), which
implies avedeg(G′) > (k2 − 4k − 4)/(k + 1) > k − 5 and | V (T ′) |≤ k − 3. Hence
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by the induction hypothesis, T ′ ⊆ G′. Let f(a1) = u. It is easy to see that f is
T−extensible.
(B.2). dG(x1) + dG(x2) ≥ 2k − 1.
(a). dG(x1) = k Then dG(x2) = k − 1 or k, and x1 misses u, y1, y2. If z 6=
y1, y2, then let G
′ = G−{u, z, x1, x2, y1} and T
′ = T −{a1, b1, . . . , bs, ar−1, c1, . . . , ct}.
Then e(G′) ≥ e(G) − (k + 1) − (k − 5) − 2k − (k + 1) + 4 + 1 > 1
2
(k2 − 8k + 8),
which implies avedeg(G′) > (k2 − 8k + 8)/(k − 1) > k − 7 and | V (T ′) |≤ k − 5.
Hence by the induction hypothesis, T ′ ⊆ G′. Note that x1 misses only one vertex
of G′. If x1 misses f
′(a2),let f(a1) = u and f(ar−1) = x1; if x1 misses f
′(ar−2),
let f(ar−1) = u and f(a1) = x1. In both situations, f is T−extensible. If z = y1
or y2, then let G
′ = G − {u, x1, x2, z} and T
′ = T − {a1, b1, . . . , bs, ar−1, c1, . . . , ct}.
Then e(G′) ≥ e(G) − (k + 1) − 2k − (k − 5) + 2 > 1
2
(k2 − 6k + 4), which implies
avedeg(G′) > (k2 − 6k + 4)/k > k − 6 and | V (T ′) |≤ k − 4. Hence by the induction
hypothesis, T ′ ⊆ G′. Note that x1 misses only one vertex of G
′. It is easy to see that
there exists an f such that f is T−extensible.
(b). dG(x1) = k+1. LetG
′ = G−{u, x1, x2, z} and T
′ = T−{a1, b1, . . . , bs, ar−1, c1,
. . . , ct}. Then e(G
′) ≥ e(G) − (k + 1) − (k − 5)− (2k + 2) + 2 > 1
2
(k2 − 6k), which
implies avedeg(G′) > (k2−6k)/k = k−6 and | V (T ′) |≤ k−4. Hence by the induction
hypothesis, T ′ ⊆ G′. Note that x1 misses at most one vertex of G
′. It is easy to find
an embedding of T into G.
2.3.2 dT (a1) = dT (ar−1) = 2.
(A). There exists a vertex v 6= u of degree at most k such that it hits both x1 and
x2. Let G
′ = G−{u, v} and T ′ = T −{a0, a1}. Then e(G
′) ≥ e(G)− (k+1)−k+1 >
1
2
(k2 − 2k − 8), which implies avedeg(G′) > (k2 − 2k − 8)/(k + 2) = k − 4 and
| V (T ′) |≤ k − 2. Hence by the induction hypothesis, T ′ ⊆ G′. If f ′(a2) hits u, then
f(a1) = u. If f
′(a2) misses u, then f
′(a2)=x1 or x2 and let f(a1) = v, f(a0) = u.
Thus f is T−extensible.
(B). There exists a vertex v 6= u of degree at least k+1 such that it hits both x1 and
x2. Then dG(v) = k+1 and v misses y1 and y2. Let G
′ = G−{u, v, z}−{x1x2, y1y2}
and T ′ = T−{a0, a1, ar}. Then e(G
′) ≥ e(G)−2(k+1)−(k−5)+1−2 > 1
2
(k2−4k−4),
which implies avedeg(G′) > (k2−4k−4)/(k+1) > k−5 and | V (T ′) |≤ k−3. Hence
by the induction hypothesis, T ′ ⊆ G′. If f ′(a2) = x1 or x2, and f
′(ar−1) = y1 or
y2, then let f(a1) = v and f(ar) = u. If f
′(a2) = x1 and f
′(ar−1) = x2, then let
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f(a1) = v, f
′(ar−1) = u, because u hits all the neighbours of f
′(ar−1). If f
′(a2) =
y1,f
′(ar−1) = y2, then let f(a1) = u and f
′(ar−1) = v. For the rest situations, it is
easy to find an embedding from T into G.
(C). There are no vertices in V (G) \ {u} hitting both x1 and x2, and x1 misses
x2. Then dG(x1) + dG(x2) ≤ k + 1. Let G
′ = G− {u, x1, x2} and T
′ = T − {a0, a1}.
Then e(G′) ≥ e(G)− (k+1)− (k+1) > 1
2
(k2− 2k− 12), which implies avedeg(G′) >
(k2 − 2k − 12)/(k + 1) > k − 4 and | V (T ′) |≤ k − 2. By theorem 1.7, T ′ ⊆ G′. Let
f(a1) = u. Then f is T−extensible.
(D). There are no vertices in V (G) \ {u} hitting both x1 and x2, and x1 hits x2.
Then dG(x1) + dG(x2) ≤ k + 3. If dG(x1) + dG(x2) ≤ k + 2, the assertion follows
from (C). Hence assume that dG(x1) + dG(x2) = k + 3. Then z has to hit x1 or x2,
say that z hits x1. Let G
′ = G − {u, z} − {x1x2} and T
′ = T − {a0, a1}. Then
e(G′) ≥ e(G) − (k + 1) − (k − 5) + 1 − 1 > 1
2
(k2 − 2k), which implies avedeg(G′) >
(k2 − 2k)/(k + 2) > k − 4 and | V (T ′) |≤ k − 2. Hence by the induction hypothesis,
T ′ ⊆ G′. If f ′(a2) hits u, let f(a1) = u; if f
′(a2) = x1, let f(a1) = z and f(a0) = u.
If f ′(a2) = x2 and if there is a vertex w in T
′ such that f ′(w) = x1, let f
′(w) = u,
f(a1) = x1 and f(a0) = z,because u hits all neighbours of f
′(w); if f ′(a2) = x2 and
there does not exist any vertex w in T ′ such that f ′(w) = x1, let f(a1) = x1, and
(a0) = z. In all situations, f is T−extensible.
2.4 ∆(G) = k
Let u ∈ V (G) be a vertex of degree dG(u) = k and miss three vertices x1, x2, x3.
Denote by S = {x1, x2, x3}
2.4.1 G[S] contains no edges.
Let G′ = G− {u} and T ′ = T − {a0}. Then e(G
′) ≥ e(G)− k > 1
2
(k2 − 8), which
implies avedeg(G′) > (k2− 8)/(k+3) > k− 3 and | V (T ′) |≤ k− 1. By the induction
hypothesis, T ′ ⊆ G′. If f ′(a1) hits u, let f(a0) = u; if f
′(a1) = xi, 1 ≤ i ≤ 3, let
f ′(a1) = u. Since u hits all neighbours of f
′(a1), f is T−extensible.
2.4.2 G[S] contains exactly one edge.
Without loss of the generality, x1 hits x2. We consider two cases.
(A). dT (a1) + dT (ar−1) ≥ 5.
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(A.1). dG(x1) ≥ k−1 and dG(x2) ≥ k−1. If x3 6= z,let G
′ = G−{u, z, x3}−{x1x2}
and T ′ = T −{a1, b1, . . . , bs}. Then e(G
′) ≥ e(G)− k− (k− 5)− k− 1 > 1
2
(k2 − 4k),
which implies avedeg(G′) > (k2 − 4k)/(k + 1) > k − 5 and | V (T ′) |≤ k − 3. By the
induction hypothesis, T ′ ⊆ G′. If f ′(a2) hits u, then let f(a1) = u; if f
′(a2) = x1 and
x2 /∈ f
′(V (T ′)), then let f(a1) = x2; if f
′(a2) = x1 and x2 ∈ f
′(V (T ′)) and f ′(w) = x2,
then let f ′(w) = u, f(a2) = x1, and f(a1) = x2. Hence f is T−extensible. On the
other hand, if x3 = z, let G
′ = G − {u, z} − {x1x2} and T
′ = T − {a1, b1, . . . , bs}.
Similarly, we can prove that the assertion holds.
(A.2). dG(x3) ≥ k− 1. By (A.1), we can assume that dG(x1) ≤ k− 2 or dG(x2) ≤
k − 2, say dG(x1) ≤ k − 2. If z 6= x1, x2, let G
′ = G − {u, z, x1, x2, x3} and T
′ =
T −{a1, b1, . . . , bs, ar−1, c1, . . . , ct}. Then e(G
′) ≥ e(G)−k−(k−5)−(k−2)−k−k+
2+1 > 1
2
(k2−8k+12), which implies avedeg(G′) > (k2−8k+12)/(k−1) > k−7 and
| V (T ′) |≤ k − 5. Hence by the induction hypothesis, T ′ ⊆ G′. Moreover, x3 misses
at most one vertex of V (G′). If x3 misses f
′(a2), let f(a1) = u and f(ar−1) = x3; if
x3 hits f
′(a2), let f(ar−1) = u and f(a1) = x3. then f is T−extensible. On the other
hand, if x1 = z or x2 = z, let G
′ = G−{u, x1, x2, x3} and T
′ = T−{a1, b1, . . . , bs, ar−1,
c1, . . . , ct}. Using the same above argument, we can prove the assertion.
(A.3). dG(x1) = k and dG(x2) ≤ k−2. By (A.2), we can assume that dG(x3) ≤ k−
2. If z 6= x2, x3, letG
′ = G−{u, z, x1, x2, x3} and T
′ = T−{a1, b1, . . . , bs, ar−1, c1, . . . , ct}.
Hence e(G′) ≥ e(G) − k − (k − 5) − (k − 2) − k − (k − 2) + 2 > 1
2
(k2 − 8k + 10),
which implies avedeg(G′) > (k2 − 8k + 10)/(k − 1) > k − 7 and | V (T ′) |≤ k − 5. By
the induction hypothesis, T ′ ⊆ G′. Note that x1 misses at most one vertex in V (G
′).
If x1 misses f
′(a2), let f(a1) = u and f(ar−1) = x1; if x1 hits f
′(a2), let f(ar−1) = u
and f(a1) = x1. Hence f is T−extensible. On the other hand, if x2 = z or x3 = z,let
G′ = G − {u, x1, x2, x3} and T
′ = T − {a1, b1, . . . , bs, ar−1, c1, . . . , ct}. By the same
above argument,we can prove the assertion.
(A.4). There exists at most one vertex in {x1, x2, x3} with degree at most k − 1.
Then there exists a vertex u′ in V (G) \ {x1, x2, x3, u} with degree at least k − 1.
Otherwise, by δ(G) ≤ k − 5, we have avedeg(G) ≤ k+(k−1)(k−2)+(k−1)+2(k−2)+(k−5)
k+4
≤
k − 2, which is a contradiction. Let G′ = G − {u, u′} − {x1x2} and T
′ = T −
{a1, b1, . . . , bs}. Then e(G
′) ≥ e(G)− k − k + 1 − 1 > 1
2
(k2 − 2k − 8), which implies
avedeg(G′) > (k2 − 2k − 8)/(k + 2) = k − 4 and | V (T ′) |≤ k − 2. By the induction
hypothesis, T ′ ⊆ G′. If f ′(a2) hits u,let f(a1) = u; if f
′(a2) misses u, let f(a2) = u
and f(a1) = u
′. Then f is T−extensible.
(B). dT (a1) = 2 and dT (ar−1) = 2. If there exists a vertex w that hits both
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x1 and x3, let G
′ = G − {u, w} − {x1x2} and T
′ = T − {a0, a1}. Then e(G
′) ≥
e(G)−2k+1−1 > 1
2
(k2−2k−8), which implies avedeg(G′) > (k2−2k+8)/(k+2) = k−4
and | V (T ′) |≤ k − 2. By the induction hypothesis, T ′ ⊆ G′. If f ′(a2) = x1 or x3,
let f(a1) = w and f(a0) = u; if f
′(a2) = x2 and x1 /∈ f
′(V (T ′)), let f(a1) = x1 and
f(a0) = w; if f
′(a2) = x2 and x1 ∈ f
′(V (T ′)), let f ′(v) = u, f(a1) = x1 and f(a0) = w.
In the above situations, f is T−extensible. On the other hand, if there is no vertex
hits both x1 and x3, or x2 and x3. then dG(x1) + dG(x3) ≤ k, dG(x2) + dG(x3) ≤ k.
Since dG(xi) ≥ ⌊
k
2
⌋ and k ≥ 9, dG(xi) ≤ k − 2. Hence Similar to (A.4), there exists a
vertex hits u with degree greater than k − 1 and an embedding of T into G.
2.4.3 G[S] contains exactly two edges
Without loss of the generality, assume that x1 hits both x2 and x3. We consider
the two cases.
(A). dT (a1) = 2. Let G
′ = G − {u, x1} and T
′ = T − {a0, a1}. Then e(G
′) ≥
e(G)− 2k > 1
2
(k2− 2k− 8), which implies avedeg(G′) > (k2− 2k− 8)/(k+2) > k− 4
and | V (T ′) |≤ k − 2. By the induction hypothesis, T ′ ⊆ G′. If f ′(a2) = x2 or x3
(say x2), let f(a1) = x1; Moreover, if x3 /∈ f
′(V (T ′)),let f(a0) = x3; if x3 ∈ f
′(V (T ′))
and f ′(v) = x3, let f
′(v) = u, f(a1) = x1, and f(a0) = x3. Hence,f is T-extensible. If
f ′(a2) 6= x2, x3, then it is easy to find an embedding from T to G.
(B). dT (a1) ≥ 3.
(a). dG(x1) ≥ k − 1. If z 6= x2, x3, let G
′ = G − {u, z, x1} and T
′ = T −
{a1, b1, . . . , bs}. Then e(G
′) ≥ e(G) − k − (k − 5) − k + 1 > 1
2
(k2 − 4k + 4), which
implies avedeg(G′) > (k2 − 4k + 4)/(k + 1) > k − 5 and | V (T ′) |≤ k − 3. By
the induction hypothesis, T ′ ⊆ G′. If f ′(a2) = x2 or x3 (say x2), let f(a1) = x1.
Moreover, if x3 /∈ f
′(V (T ′)), let f(a0) = x3; if x3 ∈ f
′(V (T ′)) and f ′(v) = x3, let
f ′(v) = u, f(a1) = x1 and f(a3) = v, because u hits all neighbours of f
′(v). Hence
f is T−extensible. If f ′(a2) 6= x2, x3, it is easy to find an embedding from T to G.
On the other hand, if z = x2 or x3 (say x2), let G
′ = G − {u, x1, x2}, by the same
argument as (a), the assertion holds.
(b). dG(x1) ≤ k − 2, dG(x2) = k or dG(x3) = k (say dG(x2) = k. Then there
exists a vertex y ∈ V (G) \ {u, x1, x2, x3} such that x2 misses y. So x2 misses u, x3
and y and u misses x3. By Case 2.4.2, we can assume y hits x3. Further, by (a),
we can assume dG(y) ≤ k − 2. If z 6= x1, y, let G
′ = G − {u, z, x2, x3, y} and
T ′ = T − {a1, b1, . . . , bs, ar−1, c1, . . . , ct}. Then e(G
′) ≥ e(G)− k − (k − 5)− k − k −
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(k−2)+3 > 1
2
(k2−8k+12), which implies avedeg(G′) > (k2−8k+12)/(k−1) > k−7
and | V (T ′) |≤ k − 5. By the induction hypothesis,T ′ ⊆ G′. Further, if f ′(a2) = x1,
let f(a1) = x2 and f(ar−1) = u; if f
′(ar−2) = x1, let f(ar−1) = x2 and f(a1) = u.
Hence f is T−extensible. On the other hand, if z = y, let G′ = G−{u, x2, x3, y} and
T ′ = T − {a1, b1, . . . , bs, ar−1, c1, . . . , ct}; if z = x1, let G
′ = G − {u, z, x2, x3, y} and
T ′ = T − {a1, b1, . . . , bs, ar−1, c1, . . . , ct}. Then by the same argument, it is easy to
prove that the assertion holds.
(c). dG(x1) ≤ k−2, dG(x2) = k−1 and dG(x3) = k−1. Let G
′ = G−{u, x2, x3} and
T ′ = T −{a1, b1, . . . , bs}. Then e(G
′) ≥ e(G)− k− (k− 1)− (k− 1) > 1
2
(k2− 4k− 4),
which implies avedeg(G′) > (k2 − 4k − 4)/(k + 1) > k − 5 and | V (T ′) |≤ k − 3.
By the induction hypothesis, T ′ ⊆ G′. If f ′(a2) = x1, let f(a1) = x2, which f is
T−extensible. If f ′(a2) 6= x1, it is easy to find an embedding from T to G.
(d). dG(x1) ≤ k−2, and dG(x2) ≤ k−2 or dG(x3) ≤ k−2 (say dG(x2) ≤ k−2),hence
dG(x3) ≤ k−1 by (b). Then there exists a vertex u
′ ∈ V (G)\{x1, x2, x3, u} of degree at
least k−1, otherwise 2e(G) ≤ (k−1)(k−2)+(k−5)+k+2(k−2)+(k−1)≤ (k+4)(k−2)
which is impossible. Let G′ = G − {u, u′, x1} and T
′ = T − {a1, b1, . . . , bs}. Then
e(G′) ≥ e(G) − 2k − (k − 2) + 1 > 1
2
(k2 − 4k − 2), which implies avedeg(G′) >
(k2 − 4k − 2)/(k + 1) > k − 5 and | V (T ′) |≤ k − 3. By the induction hypothesis,
T ′ ⊆ G′. Hence if f ′(a2) hits u, let f(a1) = u; if f
′(a2) = x2 or x3 (say x2), let
f ′(a2) = u and f(a1) = u
′ since u hits all the neighbours of f ′(a2). Then f is
T−extensible.
2.4.4 G[S] contains exactly three edges
(A). dT (a1) = 2. If there exists an 1 ≤ i ≤ 3 (say i = 1) such that dG(x1) ≤ k− 1,
let G′ = G− {u, x1} − {x2x3} and T
′ = T − {a0, a1}. Then e(G
′) ≥ e(G)− k − (k −
1) − 1 > 1
2
(k2 − 2k − 8), which implies avedeg(G′) > (k2 − 2k − 8)/(k + 2) > k − 4
and | V (T ′) |≤ k − 2. By the induction hypothesis, T ′ ⊆ G′. If f ′(a2) = x2 or
x3 (say x2), let f(a1) = x1. Moreover, if x3 /∈ f
′(V (T ′)), let f(a0) = x3; and if
x3 ∈ f
′(V (T ′)) and f ′(v) = x3, let f
′(v) = u, f(a1) = x1, f(a0) = x3 and f(a3) = v.
Hence f is T−extensible. On the other hand, if dG(x1) = dG(x2) = dG(x3) = k, let
G′ = G− {u, x1} and T
′ = T − {a0, a1}. Then e(G
′) ≥ e(G)− 2k > 1
2
(k2 − 2k − 8),
which implies avedeg(G′) > (k2−2k−8)/(k+2) = k−4 and | V (T ′) |≤ k−2. By the
induction hypothesis,T ′ ⊆ G′. If f ′(a2) = x2 or x3, let f(a1) = x1; if f
′(a2) 6= x2, x3,
let f(a1) = u. Hence f is T -extensible.
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(B). dT (a1) ≥ 3. If there exists an 1 ≤ i ≤ 3 (say i = 1) such that dG(x1) ≥
k− 1,Let G′ = G−{u, z, x1}−{x2x3}. By the same argument as Case 2.4.3.(B).(a).,
the assertion holds.The rest is similar as Case 2.4.3.(B).(d).
2.5 ∆(G) = k − 1
Since ∆(G) = k − 1 and δ(G) ≥ k − 5, there exist at least four vertices of
degree k − 1. Otherwise 2 ≤ 3(k − 1) + k(k − 2) + (k − 5) = (k − 2)(k + 4),
which is a contradiction. Let ui be vertex of dG(ui) = k − 1 missing four vertices
of Si = {xi1, xi2, xi3, xi4} for i = 1, 2, 3, 4. If there exists a vertex ui with 1 ≤ i ≤
4 such that G[Si] contains at most one edge. let G
′ = G − {ui} − E(G[Si]) and
T ′ = T − {a0}. Then e(G
′) ≥ e(G) − (k − 1) − 1 > 1
2
(k2 − 8), which implies
avedeg(G′) > (k2 − 8)/(k + 3) > k − 3 and | V (T ′) |≤ k − 1. By the induction
hypothesis, T ′ ⊆ G′. If ui hits f
′(a1), let f(a0) = ui, and if ui misses f
′(a1), let
f ′(a1) = ui. Then f is T−extensible. Hence we assume that G[Si] contains at least
two edges for i = 1, 2, 3, 4.
2.5.1 dT (a1) ≥ 3, dT (ar−1) ≥ 2
(A). G[u1, u2, u3, u4] contains at least one edge, say u1 hits u2. If z /∈ S1 =
{x11, x12, x13, x14}, let G
′ = G− {u1, u2, z} − E(G[S1]) and T
′ = T − {a1, b1, . . . , bs}.
Then e(G′) ≥ e(G) − 2(k − 1) − (k − 5) + 1 − 6 > 1
2
(k2 − 4k − 4), which implies
avedeg(G′) > (k2 − 4k − 4)/(k + 1) > k − 5 and | V (T ′) |≤ k − 3. By the induction
hypothesis, T ′ ⊆ G′. Hence if u1 hits f
′(a2), let f(a1) = u1; and if u1 misses f
′(a2),
let f ′(a2) = u1 and f(a1) = u2. Since u1 hits all the neighbours of f
′(a2), f is
T−extensible. On the other hand, if z ∈ S1 = {x11, x12, x13, x14}, say z = x11. Let
G′ = G−{u1, u2, z}−E(G[x12, x13, x13]). By the same argument, the assertion holds.
(B). G[u1, u2, u3, u4] contains no edges.
(B.1). If there exist two vertices, say u1 and u2, in {u1, u2, u3, u4} such that
u1 misses y1 and u2 misses y2, where y1 6= y2 and y1, y2 /∈ {u1, · · · , u4}. Let G
′ =
G−{u1, u2, u3, u4} and T
′ = T −{a1, b1, . . . , bs, ar−1, c1, . . . , ct}. Then e(G
′) ≥ e(G)−
4(k−1) > 1
2
(k2−6k), which implies avedeg(G′) > (k2−6k)/k = k−6 and | V (T ′) |≤
k − 4. By the induction hypothesis, T ′ ⊆ G′. Hence if f ′(a2) = y1, let f(a1) = u2
and f(ar−1) = u1; if f
′(a2) = y2, let f(a1) = u1 and f(ar−1) = u2. Moreover, if
f ′(ar−2) = y1, let f(a1) = u1 and f(ar−1) = u2; and if f
′(ar−2) = y2, let f(a1) = u2
and f(ar−1) = u1. Therefore, f is T−extensible.
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(B.2). There exist a vertex y /∈ {u1, · · · , u4} such that y misses u1, · · · , u4. Then
G[u1, · · · , u4, y] contains no edges.
(a). dT (ar−1) = 2. Then there exists a vertex w hits {u1, u2, u3, u4} and y. Let
G′ = G − {u1, w} and T
′ = T − {ar−1, ar}. Then e(G
′) ≥ e(G) − 2(k − 1) + 1) >
1
2
(k2 − 2k − 2), which implies avedeg(G′) > (k2 − 2k − 2)/(k + 2) > k − 4 and
| V (T ′) |≤ k−2. By the induction hypothesis, T ′ ⊆ G′. Hence if f ′(ar−2) = u2, u3, u4
or y, let f(ar−1) = w and f(ar) = u1; and if f
′(ar−2) 6= u2, u3, u4, y, let f(ar−1) = u1
and f(ar) = w. Therefore f is T−extensible.
(b). dT (ar−1) ≥ 3. If z 6= y, let G
′ = G − {u1, u2, u3, u4, y, z} and T
′ = T −
{a1, b1, . . . , bs, ar−1, c1, . . . , ct}. Then e(G
′) ≥ e(G)−4(k−1)− (k−1)− (k−5)+4 >
1
2
(k2 − 10k + 20), which implies avedeg(G′) > (k2 − 10k + 20)/(k − 2) > k − 8
and | V (T ′) |≤ k − 6. By the induction hypothesis, T ′ ⊆ G′. Let f(a1) = u1
and f(ar−1) = u2. Then f is T−extensible. On the other hand, if z = y, let
G′ = G−{u1, u2, u3, u4, z} and T
′ = T −{a1, b1, . . . , bs, ar−1, c1, . . . , ct}. By the same
argument, the assertion holds.
2.5.2 dT (a1) = 2, dT (ar−1) = 2.
(A). There exists a 1 ≤ i ≤ 4, say i = 1, such that G[S1] contains two or three
edges. If u1 hits one vertex, say u2, of three vertices u2, u3, u4. Let G
′ = G−{u1, u2}−
E(G[S1]) and T
′ = T−{a0, a1}. Then e(G
′) ≥ e(G)−2(k−1)+1−3 > 1
2
(k2−2k−8),
which implies avedeg(G′) > (k2−2k−8)/(k+2) = k−4 and | V (T ′) |≤ k−2. By the
induction hypothesis, T ′ ⊆ G′. Hence if u1 hits f
′(a2), let f(a1) = u1; and if u1 misses
f ′(a2), let f
′(a2) = u1 and f(a1) = u2. Since u1 hits all the neighbours of f
′(a2), f is
T−extensible. Therefore, we assume that u1 misses uj for j = 2, 3, 4. Then u1 misses
x11 = u2, x12 = u3, x13 = u4, x14 and G[u2, u3, u4, x14] contains two or three edges.
(A.1). x14 hits one vertex, say u2, of three vertices u2, u3, u4. Let G
′ = G −
{u1, u2, u3, u4} and T
′ = T − {a0, a1, ar−1, ar}. Then e(G
′) ≥ e(G) − 4(k − 1) >
1
2
(k2 − 6k), which implies avedeg(G′) > (k2 − 6k)/k = k − 6 and | V (T ′) |≤ k − 4.
By the induction hypothesis, T ′ ⊆ G′. Since G[u2, u3, u4, x14] contains two or three
edges, there exists a vertex, say u3, of two vertices u3,u4 misses at most one vertex,
say y1, in V (G) \ {u1, u2, u4, x14}. Hence if f
′(a2) = x14 or y1, and f
′(ar−2) = y1 or
x14, let f(a1) = u2 or u1 and f(ar−1) = u1 or u2, then f is T−extensible. For the rest
cases, it is easy to find an embedding from T to G.
(A.2). x14 misses three vertices u2, u3, u4. Then G[u2, u3, u4] contains two or three
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edges. We can assume that u2 hits u3 and u4. If u3 misses u4, u3 misses at most
one vertex, says y1, in V (G) \ {u1, u2, u4, x14}. Then let G
′ = G − {u1, x14, u3, u4}
and T ′ = T − {a0, a1, ar−1, ar}. By the similar argument as Case (A.1), the assertion
holds. Hence we can assume that u3 hits u4 and u3 misses z1, z2, u1, x14. Let G
′ =
G − {u1, x14, u3, u4} − {z1z2} and T
′ = T − {a0, a1, ar−1, ar}. Then e(G
′) ≥ e(G) −
4(k − 1) + 1 − 1 > 1
2
(k2 − 6k), which implies avedeg(G′) > (k2 − 6k)/k = k − 6 and
| V (T ′) |≤ k − 4. By the induction hypothesis, T ′ ⊆ G′. Hence if f ′(a2) = z1 or z2,
and f ′(ar−2) = z2 or z1, let f
′(a2) = u3, f(a1) = u4, f(ar−1) = u1. Therefore f is
T− extensible. If f ′(a2) = z1 or z2, and f
′(ar−2) = u2,let f(a1) = u1, f(ar−1) = u4.
Therefore f is T− extensible. For the rest cases, it is easy to find an embedding from
T to G.
(B). There exists a 1 ≤ i ≤ 4, say i = 1, such that G[S1] contains exactly four
edges.
(B.1). There exists a vertex, say x11, of degree 3 in G[S1] and | E(G[S1]) |≤ 5.
Then x11 hits x12, x13 and x14. Let G
′ = G − {u1, x11} − {E(G[x12, x13, x14])} and
T ′ = T −{a0, a1}. Then e(G
′) ≥ e(G)− 2(k− 1)− 2 > 1
2
(k2− 2k− 8), which implies
avedeg(G′) > (k2 − 2k − 8)/(k + 2) > k − 4 and | V (T ′) |≤ k − 2. By the induction
hypothesis, T ′ ⊆ G′. Hence if u1 hits f
′(a2), let f(a1) = u1, which implies that f is
T−extensible. If u1 misses f
′(a2) and f
′(a2) = x12, let f(a1) = x11. Moreover, if x13
or x14 /∈ f
′(V (T ′)), then let f(a0) = x13 or x14. Then f is T−extensible. If x13 and
x14 ∈ f
′(V (T ′)), f ′(w) = x13 or x14, let f
′(w) = u1, f(a0) = x13 or x14. Then f is
T−extensible. For the rest cases, it is easy to find an embedding from T to G.
(B.2). The degree of every vertex in G[S1] is two. We assume that x11 hits x12, x12
hits x13, x13 hits x14, x14 hits x11.
(a). u1 hits all vertices of {u2, u3, u4}.
(a.1). There exists a vertex ui, say u2, in {u2, u3, u4} which misses x11, x12, x13
and x14. Let G
′ = G − {u1, u2, x11, x12} − {x13x14} and T
′ = T − {a0, a1, ar−1, ar}.
Then e(G′) ≥ e(G) − 4(k − 1) + 1 > 1
2
(k2 − 6k + 2), which implies avedeg(G′) >
(k2−6k+2)/k > k−6 and | V (T ′) |≤ k−4. By the induction hypothesis, T ′ ⊆ G′. If
f ′(a2) = x13, f
′(ar−2) = x14, let f(a1) = x12, f(a0) = x11, f(ar−2) = u1, f(ar−1) = u2.
Hence f is T−extensible. For the rest cases, similarly, it is easy to find an embedding
from T to G.
(a.2). There exists a vertex, say u2, in {u2, u3, u4} such that it hits at least two
vertices of {x11, x12, x13, x14}, say u2 hits x11 and x13, or u2 hits x11 and x12.
If u2 hits x11 and x13, let G
′ = G − {u1, u2} − {x11x12, x12x13, x13x14} and T
′ =
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T − {a0, a1, ar−1, ar}. Then e(G
′) ≥ e(G)− 2(k − 1) + 1− 3 > 1
2
(k2 − 2k − 8), which
implies avedeg(G′) > k − 4 and | V (T ′) |≤ k − 2. By the induction hypothesis,
T ′ ⊆ G′. Hence if f ′(a2) = x11 or x13, let f(a1) = u2; if f
′(a2) = x12, let f(a2) = u1
and f(a1) = u3; if f
′(a2) = x14 and x13 /∈ f
′(V (T ′)),let f(a1) = x13 and f(a0) = u2;
if f ′(a2) = x14 and x13 ∈ f
′(V (T ′)), let f(v) = u1, f(a1) = x13, f(a0) = u2, because
there is a vertex v, f ′(v) = x13 and u1 hits all the neighbours of f
′(v). Therefore f is
T−extensible.
If u2 hits x11 and x12, let G
′ = G − {u1, u2} − {x12x13, x13x14, x11x14} and T
′ =
T − {a0, a1}. Then e(G
′) ≥ e(G)− 2(k − 1) + 1 − 3 > 1
2
(k2 − 2k − 8), which implies
avedeg(G′) > k−4 and | V (T ′) |≤ k−2. By the induction hypothesis, T ′ ⊆ G′. Hence
if f ′(a2) = x11 or x12, let f(a1) = u2; if f
′(a2) = x13 or x14, let f(a2) = u1, f(a1) = u2,
because u1 hits all the neighbours of f
′(a2). Therefore f is T−extensible.
(a.3). ui hits exactly one vertex of {x11, x12, x13, x14} for i = 2, 3, 4.
(i). There exist two vertices of {u2, u3, u4} such that they hit the same vertex in
{x11, x12, x13, x14}, says both u2 and u3 hit x14.
If u2 and u3 misses the same vertices, say, {x11, x12, x13, y}, u3, then u2 hits u3.
Further, if G[x11, x12, x13, y] contains at most three edges or has a vertex of degree
3, the assertion follows from Case 2.5.2.(A) or Case 2.5.2.(B.1). Therefore we can
assume that y hits both x11 and x13. Let G
′ = G − {u2, u3, x11, x12} − {x13y} and
T ′ = T − {a0, a1, ar−1, ar}. The assertion follows from Case 2.5.2. (B.2).(a.1).
If u2 misses {x11, x12, x13, y1} and u3 misses {x11, x12, x13, y2} with y1 6= y2, let
G′ = G − {u1, u2, u3, x14} − {x11x12, x12x13} and T
′ = T − {a0, a1, ar−1, ar}. Then
e(G′) ≥ e(G)− 4(k − 1) + 4− 2 > 1
2
(k2 − 6k + 4), which implies avedeg(G′) > k − 6
and | V (T ′) |≤ k − 4. By the induction hypothesis, T ′ ⊆ G′. Hence if f ′(a2) = x11
or x13, let f(a1) = x14,f(a0) = u3 or u2.if f
′(a2) = x12, let f(a2) = u1,f(a1) = u3 or
u2.if f
′(a2) = y1 or y2, let f(a1) = u3 or u2. which implies f is T−extensible. For the
rest cases, it is easy to find an embedding from T to G.
(ii). {u2, u3, u4} hits the different vertices of {x11, x12, x13, x14}. Without loss of
generality, we assume that u2 hits x11 and u3 hits x13,u2 misses y1 and u3 misses y2.
Let G′ = G−{u1, u2, u3, x13}−{x11x12, x11x14} and T
′ = T −{a0, a1, ar−1, ar}. Then
e(G′) ≥ e(G)−4(k−1)+3+0−2 > 1
2
(k2−6k+2), which implies avedeg(G′) > k−6
and | V (T ′) |≤ k− 4. By the induction hypothesis, T ′ ⊆ G′. Hence if f ′(a2) = x12 or
x14, let f(a1) = x13 and f(a0) = u3,or f(a2) = u1 and f(a1) = u2, if f
′(a2) = y1 or
y2, let f(a1) = u1, if f
′(a2) = x11, let f(a1) = u2, Therefore f is T−extensible. For
the rest cases, by the same argument, it is easy to find an embedding from T to G.
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(b). u1 hits one or two vertices of {u2, u3, u4}. Without loss of the generality, we
assume that u1 hits u2 and u1 misses u4. Then u4 ∈ {x11, x12, x13, x14}, say u4 = x14,u4
misses u1,x12,z1,z2.
Ifu2 6= z1, z2, let G
′ = G−{u1, u2, u4, x12}−{z1z2} and T
′ = T −{a0, a1, ar−1, ar}.
Then e(G′) ≥ e(G)− 4(k− 1)+ 1− 1 > 1
2
(k2− 6k), which implies avedeg(G′) > k− 6
and | V (T ′) |≤ k − 4. By the induction hypothesis, T ′ ⊆ G′. Hence if f ′(a2) = x11
and f ′(ar−2) = x13, let f(a1) = u4, f(ar−2) = u1 and f(ar−1) = u2. Therefore f is T-
extensible. For the rest cases, it is easy to find an embedding from T to G. If u2 = z1
or z2, say u2 = z1, let G
′ = G− {u1, u2, u4, x12} and T
′ = T − {a0, a1, ar−1, ar}.This
situation is much easier than the above case.
(c). u1 misses all vertices of {u2, u3, u4}. Without loss of generality, we assume
u2 = x11, u3 = x12, u4 = x13. Let u2 miss {u1, x13, y1, y2}. If G[u1, x13, y1, y2] contains
two, or three edges, or a vertex of degree 3, the assertion follows from Case 2.5.2 (A).
and Case 2.5.2 (B.1). Hence we assume that u1 hits y1, y1 hits u4 = x13, u4 hits y2
and y2 hits u1. Hence the assertion follows from Case 2.5.2. (B.2). (a) and Case
2.5.2. (B.2).(b).
(C). There exists a 1 ≤ i ≤ 4, say i = 1, such that G[x11, x12, x13, x14] contains
five edges. Then we assume that x11 hits x12, x13 and x14. Let G
′ = G− {u1, x11} −
{E(G[x12, x13, x14])} and T
′ = T − {a0, a1}. The assertion follows from the proof of
Case 2.5.2 (B.1).
(D). There exists a 1 ≤ i ≤ 4, say i = 1, such that G[x11, x12, x13, x14] contains six
edges.If dG(xi1) ≤ k − 2, similar as Case 2.5.2 (B.1), we can prove the assertion.So
we can assume dG(xi1) = dG(xi2) = dG(xi3) = dG(xi4) = k − 1,we can also assume if
dG(x) = k − 1,and x misses y then dG(y) = k − 1,furthermore we can assume x hits
all of the vertices whose degree is less tan k − 1. let G′ = G − {u1, z},z hits all of
{x1, x2, x3, x4},T
′ = T−{a0, a1}.So e(G
′) ≥ e(G)−(k−1)−(k−5)+1 > 1
2
(k+4)(k−
2)− (k− 1)− (k− 5)+1 = 1
2
(k2− 2k+6).avedeg(G′) > (k2− 2k+6)/(k+2) > k− 4
and | V (T ′) |≤ k − 2.By the induction assumption,T ′ ⊆ G′.If f ′(a2) hits u1,then
f(a1) = u1, f(a0) = z.If f
′(a2) misses u1,then f(a0) = u1, f(a1) = z.f is T-extensible.
References
[1] S. Balasubramanian and E. Dobson. On the Erdo˝s-So´s conjecture for graphs with
no K2,s, Journal of Graph Theory, 56(2007) 301-310.
16
[2] S. Brandt and E. Dobson. The Erdo˝s-So´s conjecture for graphs of girth 5. Discrete
Mathematics, 150(1)(1996) 411-414.
[3] E. Dobson. Constructing trees in graphs whose complement has no K2,s. Combin.
Probab. Comput., 11(04)(2002) 343-347.
[4] N. Eaton and G. Tiner. On the Erdo˝s-So´s conjecture and graphs with large min-
imum degree. Ars Combinatoria, 95 (2010) 373-382.
[5] N. Eaton and G. Tiner. On the Erdo˝s-So´s conjecture for graphs having no path
with k + 4 vertices. Discrete Mathematics, 313(16)(2013) 1621-1629.
[6] P. Erdo˝s and T. Gallai. On maximal paths and circuits of graphs. Acta Mathe-
matica Hungarica, 10(3)(1959) 337-356.
[7] P. Erdo˝s. Some problems in graph theory, Theory of Graphs and Its Applications,
M. Fiedler, Editor, Academic Press, New York, 1965, pp. 29-36.
[8] G. Fan. The Erdo˝s-So´s conjecture for spiders of large size. Discrete Mathematics,
313(22)(2013) 2513-2517.
[9] G. Fan and L. Sun. The Erdo˝s-So´s conjecture for spiders of diameter 9. Aus-
tralasian Journal of Combinatorics, 39 (2007) 27-37 .
[10] P. E. Haxell. Tree embeddings. Journal of Graph Theory, 36(3)(2001) 121-130.
[11] G. Li, A. Liu, and M. Wang. A result of Erdo˝s-So´s Conjecture. Ars Combin.,
55(2000) 123-127.
[12] A. McLennan. The Erdo˝s-So´s conjecture for trees of diameter four. Journal of
Graph Theory, 49(4)(2005) 291-301.
[13] J.-F. Sacle´ and M. Woz´niak. The Erdo˝s-So´s conjecture for graphs without C4.
Journal of Combinatorial Theory, Series B, 70(2)(1997) 367-372.
[14] A.F. Sidorenko. Asymptotic solution for a new class of forbiddenrgraphs. Com-
binatorica, 9(2)(1989) 207-215.
[15] G. Tiner. On the Erdo˝s-So´s conjecture for graphs on n = k + 3 vertices. Ars
Comb, 95(2010) 143-150.
17
[16] M. Woz´niak. On the Erdo˝s-So´s conjecture. Journal of Graph Theory, 21(2)(1996)
229-234.
[17] B. Zhou. A note on the Erdo˝s-So´s Conjecture. Acta Math. Sci, 4(1996) 287-289.
18
